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Abstract 
The nonlinear propagation through unconsolidated model granular media is investigated in the frame of the Biot-Allard theory 
extended to the case of a nonlinear quadratic behavior of the solid frame (the elastic beads and their contacts). We evaluate the
importance of mode coupling between solid and fluid waves, depending on the actual fluid and the bead diameter. The 
application of these results to other media supporting Biot's waves (trabecular bones, porous ceramics, polymer foams...) is 
straightforward, provided the parameters of the Biot-Allard model are available for these media. 
PACS: 43.20.Gp;43.25.Dc; 
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Due to the complexity in behaviors and structures of granular media (sand, sediments ...) and due to the 
subsequent lack of realistic modeling, it is of interest to study model granular media such as disordered packings of 
noncohesive spherical beads of the same size [1,2]. Contacts between spherical beads are well modeled by the 
Hertz-Mindlin contact law, which is nonlinear. As a consequence, various nonlinear acoustic effects have been 
observed for moderate excitation amplitudes [3-9] and are able to give complementary information on the elastic 
properties of model granular media. In particular, nonlinear waves exhibit a preferential sensitivity to the most 
weakly stressed contacts of the granular packing [7-11] (a distribution of contact stresses exists due to the disordered 
structure of the granular packing), compared to the linear waves. 
Results on the elastic wave propagation in the solid frame of model granular media have shown several 
characteristics, such as a dependence of longitudinal and shear wave velocities on the applied static pressure [7] a 
frequency dependent attenuation, a velocity dispersion, multiple scattering effects at wavelengths of the order of the 
bead diameter, memory effects, hysteresis, response fluctuations, dynamic dilatancy, and nonlinearities [3-13]. Most 
of the studies on wave propagation through model granular media are either considering the propagation through the 
solid network composed of the beads and their contacts [7-13], neglecting the saturating fluid, either considering the 
propagation through the fluid phase (air, water...) saturating the rigid bead packing which is assumed to be 
motionless [14-16]. There are few experiments however where both waves in the fluid and in the beads have been 
shown to play a role and to couple. In Ref.[17], the nonlinear self-demodulation process has been experimentally 
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observed with a transmission towards the air of the frequency component nonlinearly generated inside the solid
frame.
In this communication, an extension of the Biot theory [18-21] is first presented to describe the nonlinear
acoustic propagation in a nonlinear porous solid where the motion of the solid and fluid phase are considered as well
as inertial and elastic coupling between both constituents. Visco-thermal effects in the fluid are also taken into
account [21]. In the case of interest, the parameters of the Biot-Allard theory corresponding to "model" granular 
media are considered [22], but the theoretical results can be applied to other media supporting Biot's waves, such as
trabecular bone, sediments, porous ceramics, polymer foams... We analyze the effect of second harmonic
generation, in a one-dimensional geometry, for a semi-infinite medium and for a slab. The influence of some
parameters of the solid frame (the bead diameter for instance) on the mode coupling and the nonlinear effect is 
described. This allows to evaluate the importance and the effects of coupling in the linear and nonlinear acoustic 
experiments on model granular media [23,24].
1. Biot-Allard theory with a quadratic nonlinearity in the solid frame
The obtention of the following system of one-dimensional nonlinear equations describing the propagation of Biot
waves in a porous medium with a quadratic nonlinearity of the solid frame is detailed elsewhere [25],
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where D is the effective coefficient of the quadratic nonlinearity, Pˆ a linear elastic modulus of the solid frame,
Z is the cyclic frequency, eqK~ corresponds to the equivalent compressibility, eq~U  and s~U are equivalent densities
and J~ is a coupling coefficient. Symbol " !  " is associated to frequency coefficients at frequency~ Z . This 
system is equivalent to the description of Ref. [26] using the formulation of Ref. [27]. Except D , the latter
parameters have known expressions [22,27] as a function of the following physical and geometrical parameters of 
the medium. The porosity) of the medium can be evaluated for random close packings of spheres [2] close to
040.PP. r|) . The tortuosity for disordered packings of beads is evaluated as 361. fD  and is independent of
the bead diameter. The thermal characteristic length reads
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KV Fa  where 43.F   is a formation factor independent of the
bead diameter, and aK  the air viscosity. In summary, the bead size scaling laws for the equivalent fluid parameters
are ,  and . Concerning the parameters of the solid frame, they are much less 
characterized and can vary by several orders of magnitude depending on the applied external conditions and the
state of the packing. They have been chosen here to correspond to the experimental conditions of some available
experimental results [23-25], i.e. a weak external static stress of ~3 kPa, giving a measured wave velocity of ~200
m/s at low frequencies. Due to the existing velocity dispersion in experiments, we considered an elastic modulus for
the solid frame of the form
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relation of a one-dimensional granular chain [4] with
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imaginary part is chosen to be proportional to the frequency, in order to increase with frequency. Another
dependency can in principle be chosen.
In unconsolidated granular media, the value of the parameter of quadratic nonlinearity has been measured to be
several orders of magnitude higher than in homogeneous fluid or solids [5,8,10]. We take here a value of 500.
The method of successive approximations is used in order to solve the problem of second harmonic generation at
the leading order of nonlinearity [28]. Here, only waves propagating in the positive xdirection are considered. It is
straightforward by the methods of characteristics [18,19] to show that the solution of the linear problem at frequency
Z  is a superposition of two compressional waves for the solid and total displacements.
2. Case of a semi infinite porous medium.
Fig.1 Linear (at frequencyZ ) and nonlinear (at frequency Z2 ) stress magnitudes at a distance x=10 cm from
the excitation boundary in the semi-infinite configuration. Case of air saturated elastic beads of diameter 2 mm.
In the case of a semi-infinite porous medium, there is no counter-propagating waves. The boundary condition
relative to the nonlinear displacements is the nullity of the solid and total displacement at x=0.
In Fig.1, are respectively the solid, fluid, total and elastic stresses. Indexes l and nl are respectively
used for the linear and the nonlinear contributions. Note that the frequency axis indicates the fundamental frequency,
i.e. the magnitude for the second harmonic at
et ,Vfs ,, VVV
Z2  frequency should be read at Z . The stress in the solid frame
(supported by the beads and their contacts) and the fluid pressure P both contribute to the total stress . The purely
elastic stress is denoted by . Linear and nonlinear stresses corresponding here to the contributions at frequency
sV
tV
eV Z
and Z2
eV
 respectively are plotted separately for clarity because the linear stress is most of the time dominant over the 
nonlinear one for this process of second harmonic generation. The linear elastic stress  is monotonously
decreasing in magnitude with increasing frequency because of the attenuation in the solid frame proportional to Z .
Such as in a homogeneous solid or fluid with a quadratic nonlinearity and an increasing attenuation with frequency,
the nonlinear stress  is first increasing with frequency, reaches a maximum and then decreases. Here, the linear enlV
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solid stress  has a different behavior than the purely elastic solid stress, showing that under the considered
conditions, the coupling between the solid frame and the saturating fluid cannot be neglected. It is possible to define
a characteristic frequency from which  deviates significantly from . Below (resp. above) this frequency, the
dynamics is mainly solid (resp. fluid) controlled.
lV
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It is not useless to mention that this crossover is not always characterized by a local minimum in  as in Fig.1
where it is clearly visible at 13 kHz. The same qualitative behavior can be observed for the nonlinear stresses at 
frequency Z2 .
3. Case of the slab configuration
The slab configuration consisting of an excitation boundary at x=-d and a rigid boundary at x=0 is now investigated.
The solid and total displacements are imposed at x=-d and vanish at the rigid boundary x=0. The solution for the
second harmonic wave is found by the method of successive approximations [25]. The slab configuration is chosen
to qualitatively compare the present results with some available experimental results [23-25]. The main difference
compared to the semi-infinite case is the presence in Fig.2 of resonances both for the linear fluid pressure Pl
s
lV
c
f
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and the
solid stress . The first resonance of the total stress  occurs at frequency 1 kHz, which corresponds to the
longitudinal velocity in the solid frame over twice the slab thickness. The higher resonance frequencies are almost
multiple of the first resonance frequency but not exactly due to the velocity dispersion.
t
lV
Due to the increasing attenuation with frequency in the solid frame, these resonances have decreasing maximum
values with increasing frequency. For the linear fluid pressure , some resonances also occur, but due to the higher 
contribution of the solid stress compared to the fluid pressure at these low frequencies, there is a competition
between the resonances associated with the equivalent fluid slab and the resonances corresponding to the solid frame
slab. This results in asymmetric resonance curves, with lower quality factors than for the solid stress. The other
features of these transmitted stresses through a slab of porous medium are comparable to the semi-infinite case of
Fig.1. It is of importance here to notice that these results are in qualitative agreement with experimental results
obtained in the same configuration in the context of acoustic probing of the granular compaction process [23-25].
First, the acoustic transfer function between two transducers placed on opposite sides of the granular container (the 
present granular slab) has the same shape than the total stress , including the local minimum observed at the
crossover for the characteristic frequency .
lP
t
lV
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The compaction process which consists in applying vertical discrete vibrations to a cell containing a packing of
beads in order to reduce its volume, modifies strongly the solid frame elastic properties but only slightly the
geometrical properties (few \%). What is observed along a compaction process is a strong increase in the acoustic
transfer function amplitude of the medium slab for the frequencies lower than , corresponding to a region where
the solid stress dominates over the fluid pressure, while the acoustic transfer function amplitude for frequencies
higher than slightly diminishes. In this higher frequency region, the fluid pressure dominates over the solid stress
and the acoustic transfer function amplitude decrease is explained by the few \% change in the geometrical
properties of the packing.
c
The role of the bead diameter on the previous results is hard to understand because the relation between the bead
size and the acoustic energy dissipation in the solid frame is not well understood. In addition, the relation between
the bead size and the velocity dispersion in three-dimensional disordered granular media is not straightforward.
However, the role on the other parameters of the Biot-Allard model is quite well understood in the literature and
follows the scalings of the parameters given above. The main effect of decreasing the bead diameter is observed on
the frequency region where the fluid pressure rules the total stress behavior, i.e. above the characteristic frequency
. The resistivity  is increased by one order of magnitude when d is changed from 2 mm to 0.7 mm and d~V
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the characteristic lengths decrease which ensures a stronger attenuation of the acoustic energy in the fluid. This
behavior has been confirmed in experiments [23-25].
Fig.2  Linear and nonlinear stress magnitudes at x=0 in the slab configuration.
Often, a strong static stress of the order of 100 kPa is applied on the granular slab [5-9]. In this case, while the
geometrical properties of the packing are almost not modified, the elastic properties of the solid frame are strongly 
deviating from the low static stress case. The acoustic attenuation decreases, both due to decreasing dissipation and
decreasing scattering [25], and the wave velocity increases mainly due to the nonlinearity of the contacts [7]. The
main effect of increasing the static solid stress is to shift to higher frequencies the occurrence of the crossover
between the frequency regions dominated by the solid stress or the fluid pressure. It means that the higher is the
static solid stress the wider is the frequency region dominated by the solid stress. This effect has been confirmed by
recent experiments [23-25]. 
4. Conclusions
This work proposed an extension of Biot-Allard theory for the case of unconsolidated model granular media. The
method of successive approximations was used to determine the nonlinear solutions for the particular case of a
quadratic nonlinearity of the solid. Both linear and second harmonic results can be used in the future investigations
on the acoustics of granular media. In particular, it has been shown that there exists a crossover frequency between
solid-controlled and fluid-controlled behavior. This result can guide future experiments on the probing of the
acoustical properties of granular packings, especially in the context where the linear or nonlinear elastic properties
of the solid frame are seeked. The influence of some medium parameters (bead diameter, saturating fluid) has also
been studied.
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